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THE WEIGHT AND LINDELOE PROPERTY IN 
SPACES AND TOPOLOGICAL GROUPS 


M.TKACHENKO 

Abstract. We show that if K is a dense subspace of a Tychonoff 
space X, then w{X) < where Nag(Y) is the Nagami 

number of Y. In particular, if K is a Lindeldf E-space, then w{X) < 
nw{Y)‘^ < nw{X)^. 

Better upper bounds for the weight of topological groups are 
given. For example, if a topological group H contains a dense sub¬ 
group G such that G is a Lindeldf E-space, then w{H) = w{G) < 
tp{GY. Further, if a Lindeldf E-space X generates a dense sub¬ 
group of a topological group H, then w{H) < 

Several facts about subspaces of Hausdorff separable spaces are 
established. It is well known that the weight of a separable Haus¬ 
dorff space X can be as big as 2^ . We prove on the one hand that 
if a regular Lindeldf E-space F is a subspace of a separable Haus¬ 
dorff space, then w{Y) < 2“, and the same conclusion holds for a 
Lindeldf P-space Y. On the other hand, we present an example of a 
countably compact topological group G which is homeomorphic to 
a subspace of a separable Hausdorff space and satisfies w{G) = 2? , 
i.e. has the maximal possible weight. 

MSG (2000): 54H1I, 54A25, 54C30 


I. Introduction 

It is known that the number of continuous real-valued functions, |C'(A)|, 
on a Tychonoff space X is not defined by the weight of X, even if w(X) = 
2‘^ = c — it suffices to take as Xi a discrete space D of cardinality c and 
as X 2 the one-point compactification of D. Then the weights of Xi and X 2 
coincide, while |C'(Ai)| = 2*^ > c = \C{X 2 )\. In any case, the cardinality of 
C{X) always satisfies tc(A) < |C(A)| < where d{X) is the density of 

the Tychonoff space X. 

The upper bound for |C'(A)| in the latter inequality is not the best pos¬ 
sible. It is shown by Comfort and Hager in [5] that every space X satisfies 
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|C'(-^)| < where wl{X) is the weak Lindeldf number of X (see 

Subsection 11.11 below), and that the inequality holds 

for every regular space X. In particular, if X has countable cellularity or 
contains a dense Lindelof subspace, then |C'(X)| < w{X)‘^. If in addition 
X is Tychonoff and the weight of X is equal to c, then clearly |C'(X)| = c. 
Thus the number of continuous real-valued functions on a Tychonoff weakly 
Lindelof space X is completely defined by the weight of X provided that 
w{X) = c or, more generally, w{X) = for an infinite cardinal k. 

One of our principal results in Section [2l Theorem 12.31 states that if Y 
is a dense subspace of a Tychonoff space X, then |C'(X)| < 
where NagiY) is the Nagami number of the space T (see Subsection ll.lj] . 
Therefore, if X is a regular Lindelof S-space, then w{/3X) < nw{X)^, where 
j5X is the Stone-Cech compactification of X. In particular, if a regular 
Lindelof S-space X satisfies nw{X) = kY for some k > uj, then w{X) = 
nw{X) and w{X) = w{f3X) = |C(X)| = . Therefore, the cardinality of 

C(X) is completely defined by the weight of X in this case. 

In Section [3] we consider topological groups that contain a dense subgroup 
or a subspace which is a Lindelof S-space. Again, our aim is to estimate 
the weight of the enveloping group in terms of cardinal characteristics of 
the corresponding dense subgroup or subspace. A typical result there is 
Theorem 13.21 stating that if a Lindelof S-group G is a dense subgroup of 
a topological group H, then w{H) = w{G) < 'ip{G)^. Similarly, if a Lin¬ 
delof S-space X generates a dense subgroup of a topological group H, then 
w{H) < fTheorem 13.3p . 

To extend the aforementioned results to wider classes of topological groups 
we introduce the notion of (k, X)-moderate group, where u < k < X. As an 
application of the new concept we deduce in Corollarv l3.9l that every Lindelof 
w-stable topological group G with ipiG) < c satisfies w{G) < c. 

Our aim in Section S] is to find out what kind of restrictions a Tychonoff 
space Y must satisfy in order that T be a subspace of a separable Hausdorff 
space X. One of the obvious restrictions on Y is the inequality \Y\ < |X| < 
2L A less trivial restriction is found in the recent article m- If Y is a 
compact subspace of a separable Hausdorff space X, then wiY) < c. It is 
worth noting that the weight of a separable Hausdorff space can be as big 
as 2^"^ [12]. Making use of Theorem 12.11 we extend the result from m to 
Lindelof S-spaces: If a regular Lindeldf T,-space Y is homeomorphic to a 
subspace of a separable Hausdorff space, then w(Y) < c (see Theorem 14.11) . 
The same conclusion is valid if T is a Lindelof P-space, i.e. all G^-sets in Y 
are open (see Theorem 14.4|) . 

It is established in m that there are wide classes of topological groups 
G with the following property: If G is homeomorphic to a subspace of a 
separable Hausdorff space, then G itself is separable and, hence, satisfies 
w{G) < c. In particular, so is the class of almost connected pro-Lie groups 
which includes connected locally compact groups and their finite or infinite 
products. In Proposition 14.71 we show that this is not true anymore for 
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countably compact topological groups. In fact, we prove that there exists 
a countably compact Abelian topological group G homeomorphic to a sub¬ 
space of a separable Hausdorff space such that d{G) = 2'^ and w{G) = 2^ , 
i.e. G has the maximal possible density and weight. 

1.1. Notation and terminology. All spaces considered here are assumed 
to be Tychonoff if the otherwise is not mentioned explicitly. The exception 
is Sectional where we consider Hausdorff spaces. 

By w{X), nw{X), d{X), 1{X), wl{X), and c{X) we denote the weight, 
network weight, density, Lindelof number, weak Lindelof number, and cellu- 
larity of a given space X, respectively. The character and pseudocharacter 
of X are x(X) and il>{X). 

Let 13X be the Stone-Cech compactification of a Tychonoff space X. De¬ 
note by C the family of all closed subsets of 13X. We say that a subfamily 
T of C separates points of X from ftX \ X provided that for every pair of 
points X G X and y G ftX \ X, there exists F G S' such that x G F and 
y ^ F. Then we put 

Nag{X) = minllTI : T C C and S separates points of X from f3X \ X}. 

If Nag{X) < Lo, we say that A is a Lindelof H-space (see [21 Section 5.3]). 
The class of Lindelof S-spaces is countably productive and is stable with 
respect to taking Fo--sets and continuous images. 

A space X is called K-stable, for an infinite cardinal k, if every continuous 
image T of A which admits a continuous one-to-one mapping onto a space 
Z with w{Z) < K satisfies nwiY) < n. If A is K-stable for each k > w, we 
say that A is stable. It is known that every Lindelof S-space is stable [H 
Proposition 5.3.15]. 

A space A is weakly Lindelof if every open cover of A contains a countable 
subfamily whose union is dense in A. Every Lindelof space as well as every 
space of countable cellularity is weakly Lindelof. 

Let G be a topological group. Given an infinite cardinal k, we say that 
G is K-narrow if for every neighborhood U of the identity in G, there exists 
a subset G of G with |G| < k such that GU = G or, equivalently, UG = G. 
The minimum cardinal k>oj such that G is K-narrow is denoted by ib{G). 
Every topological group of countable cellularity is w-narrow [H Proposi¬ 
tion 5.2.1], and the same conclusion holds for weakly Lindelof topological 
groups [H Proposition 5.2.8]. 

2. The weight of Lindelof S-spaces 

By G(A) we denote the family of continuous real-valued functions on a 
given space A. 

Theorem 2.1. The inequalities w{X) < |G(A)| < are valid 

for every Tychonoff space X. 
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Proof. Let k = Nag{X). Denote by Cp{X) the set C{X) endowed with 
the pointwise convergence topology. It follows from [H Theorem 1.1.3] that 
nw{Cp{X)) = nw{X). Hence Cp(X) contains a dense subset D with \D\ < 
nw{X). Let us note that 1{X'^) < Nag{X^) = Nag{X) = k for each 
integer n > 1. Therefore the tightness of Cp(X) does not exceed k by [H 
Theorem 11.1.1]. Further, every continuous image Y of X satisfies NagiY) < 
Nag{X). According to [21 Proposition 5.3.15] it now follows from Nag{X) = 
K that the space X is K-stable. Hence the space Cp{X) is K-monolithic by 
[H Theorem H.6.8], i.e. the closure of every subset B of Cp{X) with \B\ < k 
has a network of cardinality < k. In particular, the closure of every subset 
B of Cp{X) with \B\ < K has cardinality at most 2'^. 

Summing up, we can write 

Cp(X) = IJlH :B CD, \B\< k}. 

Since there are at most \D\'^ subsets B of D satisfying \B\ < k and the 
closure of each of them is of cardinality < 2'^, we infer that \Cp{X)\ < 
nw{X)'^ ■ 2'^ = nw{X)'^. Finally, the family of co-zero sets in X forms a base 
for A, so u;(X) < 1C'(X)| < nu;(A:)''. □ 

Corollary 2.2. If X is a Lindeldf Y-space satisfying nw{X) < c, then 
|C*(^)| < c o.nd w{X) < c. 

The next result is a generalization of Theorem 12.11 

Theorem 2.3. If Y is a dense subspace of a space X, then jC(A)j < 
nw(Y)^°‘3{y) and w{X) < nw{Y)^°‘^^^\ 

Proof. As in the proof of Theorem 12.11 it suffices to verify that jC'(A)j < 
Consider the restriction mapping r: C{X) —>■ C{Y), where 
r(/) is the restriction of f € C{X) to the subspace Y of X. Since Y is dense 
in X, the mapping r is one-to-one. Hence jC'(A)j < jC'(y)j. To finish the 
proof it suffices to apply Theorem 12.II to Y in place of A. □ 

Corollary 2.4. Suppose that a Tychonoff space X with nw{X) < c contains 
a dense Lindeldf Y-sub space. Then jC(A)j < c andw{X) < c. In particular, 
the Stone-Cech compactification j3X of X satisfies w{j3X) < c. 

Proof. Notice that a dense subspace of A is dense in /3A. Hence the required 
conclusions follow from Theorem 12.31 □ 

Corollary 2.5. Suppose that a Tychonoff space X contains a dense Lindeldf 
Y-subspace Y. Then the following are equivalent: 

(a) Y admits a continuous bijection onto a space of weight < c; 

(b) A admits a continuous bijection onto a space of weight < c; 

(c) nw{Y) < c; 

(d) nw{X) < c; 

(e) w{Y) < c; 

(f) tc(A) < c. 
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Proof. The implications (b) (a), (d) (c), and (f) (e) are evident. 

The validity of the implications (f) (d) (b) and (e) => (c) => (a) 

is also clear. So it suffices to verify that (a) implies (f). 

Suppose that Y admits a continuous one-to-one mapping onto a Tychonoff 
space of weight < c, i.e. iw(V) < c. Then nw{Y) < Nag{Y) ■ iw{Y) < c 
by [21 Proposition 5.3.15]. Applying Theorem 12.31 we deduce that w{X) < 

nw{Y)’^^3{y) = c. □ 

3. The case of topological groups 

Now we apply Theorems 12.II and 12.31 to topological groups. The following 
lemma is a part of the topological group folklore. 

Lemma 3.1. If X is a dense subspace of a topological group G, then w{X) = 
w{G). 

Proof. It is clear that w{X) < w{G), so we verify only that w{G) < w{X). 
According to [21 Proposition 5.2.3] we have that w{G) = ib{G) ■ x{G). Let 
e be the identity element of G. Since G is homogeneous, we can assume 
without loss of generality that e G A. It follows from the regularity of 
the space G and the density of A in G that = x(e,A) (see [H 

2.1.C(a)]). Hence x{G) < w{X). Since A is dense in G, every open cover 
of G contains a subfamily of cardinality at most 1{X) whose union is dense 
in G, i.e. wl{G) < 1{X) < w{X). According to [H Proposition 5.2.8], we see 
that ib{G) < wl{G), so ib{G) < w{X). Summing up, w{G) = ib{G) -xiG) < 
w{X). □ 

Theorem 3.2. Let G be a dense subgroup of a topological group H. If G is 
a Lindeldf Tj-group, then w{H) = w{G) < . 

Proof. It is clear that the Lindelof group G is w-narrow. Applying [21 Propo¬ 
sition 5.2.11] we can find a continuous isomorphism (not necessarily a home- 
omorphism) f: G ^ K onto a Hausdorff topological group K satisfying 
w{K) < K, where k = ipiG). Since every Lindelof S-space is stable (see 
Proposition 5.3.15 or Corollary 5.6.17 of mi we conclude that nw{G) < k. 
Therefore Theorem 12.11 implies that vj{G) < kP. Hence w{H) = w{G) < kP, 
by Lemma l3.11 □ 

The following result is similar in spirit to Theorem 13.21 In it, we weaken 
the conditions on G by assuming it to be a subspace of H. The price of this 
is that the upper bound for the weight of H goes up to 2^. 

Theorem 3.3. Let X be a subspace of a topological group H. If X is 
a Lindeldf T,-space and generates a dense subgroup of H, then w{X) < 
w{H) < 2^W. 

Proof. Let k = f^{X). Denote by T a countable family of closed sets in 
the Stone-Cech compactification /3A of A such that T separates points A 
from /3A \ A. For every x G A, let G(x) = G T : x G F}. Then 
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C{x) is a compact subset of X, for each x € X. Since jibl < to, we see that 
the family C = {C{x) : x G X} has cardinality at most c. Every element 
C G C satisfies ^^{C) < tpiX) = k, so the compactness of C implies that 
x{C) = V'(C') < K. Hence, by Arhangel’skii’s theorem, \C\ < 2'^ for each 
C G C. Since X = |J C, we see that \X\ < |C| • 2^ = 2^. In particular, 
nw{X) < |X| < 2'^ and the dense subgroup of H generated by X, say, G 
satisfies the same inequality nw{G) < |G| < 2'^. Notice that G is a Lindelof 
S-space, by [21 Proposition 5.3.10]. Applying Theorem 12.31 and Lemma [TTI 
we conclude that w{X) < w{H) = w{G) < (2^)‘^ = 2'^. □ 

The upper bound on the weight of H in Theorem 13.31 is exact. Indeed, 
let K > a; be a cardinal, Y = 2'^ the Cantor cube of weight k, and X the 
Alexandroff duplicate of Y (see |8] or [3] for more details on the properties 
of Alexandroff duplicates). Then x(X) = x(E) = k, while the compact 
space X contains an open discrete subspace of cardinality |y| = 2^^, so 
w{X) = 2'^. Denote by H the free topological group over X. Then X 
generates H algebraically and w{H) > w{X) = 2'^. Since X is compact, it 
is a Lindelof S-space. Let us also note that the exact value of the weight of 
H is 2'^. To see this, we apply the fact that the ci-compact group H satisfies 
nw{H) = nw{X) = w{X) = 2'^ (see [H Corollary 7.1.17]), so Theorem 12.11 
implies that w{H) < nw{H)‘^ = (2^^)^ = 2'^. Summing up, w{H) = 2'^ = 
2x(n) ^ 2^^^. 

We do not know, however, whether the inequality w{H) < in the 

above theorem can be improved as stated in Theorem 13.21 provided X is 
dense in H: 

Problem 3.4. Suppose that a Lindelof Y-spaee X is a dense subspaee of a 
topological group H. Is it true that w{H) < 'ip{X)^ ? 

It is easy to see that if X and H are as in Problem 13.41 then w{H) = 
x{H) = x{^)- Hence the affirmative answer to the problem would follow if 
we were able to show that x(x. A) < 'ip{X)^ for some point x G A. 

The next problem is not related directly to the content of this section, but 
it is close in spirit to Problem 13.41 and is motivated by the famous problem of 
Arhangel’skii about the cardinality of regular Lindelof spaces of countable 
pseudocharacter. 

Problem 3.5. Let X be a Lindelof spaee of countable pseudocharacter which 
is homeomorphic to a dense subspaee of a Hausdorff topological group. Is 
the cardinality of X not greater than c ? 

The requirement on A in the above problem to be a dense subspace 
of a topological group gives new restraints on cardinal characteristics of 
A. For example, such a space A has to satisfy c(A) < c. Indeed, let 
G be a topological group containing A as a dense subspace. Since A is 
Lindelof, the group G is weakly Lindelof and, by [21 Proposition 5.2.8], is u- 
narrow. According to [21 Theorem 5.4.10], the cellularity of every cu-narrow 
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topological group does not exceed c. As X is dense in G, we conclude that 
c(X) = c(G) < c. 

Theorems l3.2l and l3.3l niake it natural to introduce the following definition, 
with the aim to extend the two results to wider classes of topological groups. 

Definition 3.6. Let G be a topological group and k, A infinite cardinals with 
K < X. We say that G is {k, X)-moderate if every continuous homomorphic 
image H of G with < k satisfies w{H) < X. 

Notice that by Theorem l3.2l every topological group H containing a dense 
Lindelof S-space is (k, K‘^)-moderate, for each k > eo. 

In the following proposition we collect a number of well-known results 
and formulate them in terms of (k, A)-moderate groups, as introduced in 
Definition 13.61 

Proposition 3.7. The following are valid for a topological group G: 

(a) The group G is {k, 2“^'^)-moderate, for each k > ib{G). 

(b) If G is compact, then it is {k, k)- moderate for each k>uj. 

(c) If G is pseudocompact, then it is -moderate. 

(d) Every Lindelof H-group is {k, K^)-moderate, for each k>uj. 

Proof, (a) Let k > ih{G) be a cardinal and f: G ^ H a continuous homo¬ 
morphism onto a topological group H satisfying ipill) < k. Then ih{H) < 
ib{G) < K. Hence \H\ < < 2^^ by [21 Theorem 5.2.15], and 

w{H) < 2l^l < 2^"'. It follows that G is (k, 2^"‘)-moderate. 

(b) Every compact space X satisfies 'tpiX) = x(A), while every compact 
topological group H satisfies w{H) = x{H) [21 Corollary 5.2.7]. Combining 
the two equalities, we obtain the required conclusion. 

(c) Suppose that f: G ^ H is a continuous homomorphism of a pseu¬ 
docompact group G onto a topological group H of countable pseudocharac¬ 
ter. Then H is also pseudocompact. It is well known that every Tychonoff 
pseudocompact space of countable pseudocharacter has countable character. 
Hence H is metrizable by the Birkhoff-Kakutani theorem. Finally we note 
that a pseudocompact metrizable space is compact and second countable. 
So w{II) < Lo and therefore the group G is (w, a;)-moderate. 

(d) The class of Lindelof S-groups is closed under taking continuous ho¬ 
momorphic images, so the required conclusion follows from Theorem l3.21 □ 

Since every Lindelof S-group is (w, c)-moderate, the following result gen¬ 
eralizes Theorem 13.21 

Theorem 3.8. Let G be a Lindelof {uj, c)-moderate topological group. Then 
w{G) < |G(G)| < ip{G)‘^, so G is -moderate for each t >co. 

Proof. Let k = il>{G) > ui. There exists a family T of open symmetric 
neighborhoods of the identity element e in G such that H ^ 
jTj = K. We can assume without loss of generality that for every t/ G T, there 
exists E G T such that C U. Let us call a sequence ^ = {Un : n G a;} C IP 
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admissible if C Un for each n ^ ui. It is clear that = H C is a closed 
subgroup of type Gs in G, for each admissible sequence However, the 
subgroups are not necessarily invariant in G. Denote by A the family 
of subgroups where ^ ranges over all admissible sequences in 7. Then 
|yi| < \j>\^ = 

Claim. Let N he the family of all invariant subgroups of type Gs in G. 
Then the family Tf n ^1 is cofinal in Ji when the latter is ordered by inverse 
inclusion. 

Let us start the proof of Claim with several simple observations. 

a) First, we note that both families AT and A are closed under countable 
intersections. 

b) Second, every neighborhood 17 of e in G contains an element of A 
and an element of AT. This is clear for A since G is Lindelof. Indeed, if 
N \ U ^ ih for each N ^ A, then the property of A mentioned in a) implies 
that (G \ 17) n Pl^l 7 ^ 0, which is impossible since PlTl = {e}. To find an 
element G AT with A^ C 77, it suffices to note that the group G is cj-narrow 
and apply [21 Corollary 3.4.19]. 

c) Third, every element of Af contains an element of A and vice versa. 
To verify this, take an arbitrary element A^ G Af. Since Ai is of type Gs 
in G, there exists a sequence {t7„ : n G w} of open sets in G such that 
AS = flngoj Making use of b) we find, for every k ^ uj., an element 
Nk ^ A such that Nk C Uk- Then by a), N* = Hneo; is in A and clearly 
N* C N. Conversely, take an element A^g G 71, where f, = {Uk : /c G w} is an 
admissible sequence in T. Applying b) once again we find, for every k & oj, 
an element Nk € TS such that Nk C Uk- Then N^ = Ok^oj^k is in Af and 
N^ C Aig. 

We now turn back to the proof of Claim. Given an arbitrary element 
W G A", we have to find an element W G Af n A. satisfying N C N. Let 
A'^o = N. Using c) we define a sequence {A'"*, : A; G w} such that A'^^+i C Nk, 
N2k € Af, and A^ 2 fc+i € A for each k £ to. It follows from a) that N = 
rifcet*; = rifcet*; ^2fc+i is in A n Af. Since N C Nq = N, this completes 
the proof of Claim. 

Let iB = A n Af. Then |fB| < A < . For every N £ T>, denote by 
tttv the quotient homomorphism of G onto G/N. Since every N £ is 
the intersection of an admissible sequence of neighborhoods of e in G, it 
is easy to verify that the corresponding quotient group G/N has countable 
pseudocharacter. As G is (cj, c)-moderate, the weight of the quotient group 
G/N is at most c. Clearly the group G/N is Lindelof. According to O 
Theorem 2.2] this implies that the cardinality of the family of continuous 
real-valued functions oaG/N satisfies ]G(G/W)| < = c. For every N £ "B, 

let 


GN{G) = {go7TN:geC{G/N)}. 
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We claim that C{G) = UTVe® C'Ar(G). Indeed, let / be a continuous real¬ 
valued function on G. Since every Lindelof topological group is M-factoriz- 
able by [21 Theorem 8.1.6], we can find a continuous homomorphism p: G —>■ 
H onto a second countable Hausdorff topological group H and a continuous 
real-valued function h on H such that / = hop. Let K be the kernel of 
the homomorphism p. It is clear that K G 'N. By our Claim, there exists 
€ 23 with N C K. Let (p: G/N —)• H be the natural homomorphism 
satisfying p = ip o vrjv. The homomorphism p is continuous since so are 
TTisf and p, while ttn is open. Hence g = h o p is a continuous real-valued 
function on G/N which satisfies qo-ttn = hopoTTjsj = hop = f. This shows 
that / € GjsfiG), whence the equality G{G) = Uatsb ^n{G) follows. Since 
1231 < and |C'Ar(G)| < c for each € 23, we conclude that |C'(G)| < i<G. 
Thus w{G) < ic(G)| < K^. 

Since every continuous homomorphic image of a Lindelof (w, c)-moderate 
group is again Lindelof and (cu, c)-moderate, the last assertion of the theorem 
is immediate from the first one. □ 

We will see in Example 13.121 that ‘Lindelof’ in Theorem 13.81 cannot be 
weakened to ‘weakly Lindelof’, or even replaced with ‘countably compact’. 

The next fact is easily deduced from Theorem 13.81 

Corollary 3.9. Let G be a Lindelof uj-stable topological group satisfying 
'/’{G) < c. Then w{G) < c. 

Proof. We claim that the group G is (w, c)-moderate. Indeed, suppose that 
f: G ^ H is a continuous homomorphism of G onto a topological group H 
of countable pseudocharacter. Then H is also Lindelof and hence w-narrow. 
It now follows from [21 Proposition 5.2.11] that there exists a continuous 
isomorphism i: H ^ K onto a second countable topological group K. Since 
G is w-stable, we conclude that d{H) < nw{H) < ui. Hence w{H) < 
This proves our claim. To complete the argument it suffices to 
apply Theorem 13.81 □ 

As usual, we say that W is a P-space if every G^-set in X is open. Since 
every regular Lindelof P-space is cu-stable [21 Corollary 5.6.10], we have the 
following: 

Corollary 3.10. A Lindelof P-group G with V’(G') < c satisfies w{G) < c. 

It is tempting to conjecture, after Proposition 13.71 and Theorem 13.81 that 
the subgroups of compact topological groups (i.e. precompact groups) are 
‘moderate’ in some sense. For example, it might be a plausible conjecture 
that every precompact group is (cj, c)-moderate. We show below that this is 
not the case and that item (a) of Proposition 13.71 is the only restriction on 
precompact groups in this sense. 

Example 3.11. For every cardinal t > oj, there exists a precompact Abelian 
group G satisfying if{G) = r, d{G) = |G| = 2'’", and w{G) = 2^^. 
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Proof. Let D be a discrete space of cardinality t > u. Denote by /3D the 
Stone-Cech compactification of D. Then \/3D\ = 2^ . Consider the space 
Cp{f5D, T) of continuous functions on /3D with values in the compact circle 
group T. The subscript ‘p’ in Cp{j3D.,T) means that this space carries the 
topology of pointwise convergence on elements of j3D, i.e. G = Cp{j3D,T) 
is identified with a dense subgroup of the compact topological group 
Hence the topological group G is precompact. Since G is dense in 
Lemma [3T] implies that w{G) = w{T^^) = \f3D\ = 2^^. 

By [D Theorem 1.1.4], we have the equalities 

fj { G ) = V’(C'p(/3D,T)) = di / 3 D ) = \ D \ = r . 

It remains to show that d{G) = |G| = 2"^. According to [H Theorem 1.1.5], 
the density of Gp{/3D,T) is equal to iw{/3D), where iw{f3D) denotes the 
minimal cardinal X > u! such that I3D admits a continuous one-to-one map¬ 
ping onto a Tychonoff space of weight A. Since jSD is a compact space, it 
is clear that iw{PD) = w{(3D) = 2"^. Therefore, d{G) = 2"^. Finally, by the 
density of D in jdD we see that \Gp{(3D,T)\ < 2l^l = 2’’, i.e. |G| < 2’’. Since 
2’" = d{G) < |G| <2"^, the required equality follows. □ 

Let us note that the equalities d{G) = |G| = 2"^ in Example 13.111 are not 
accidental, since every precompact (even r-narrow) topological group H 
with if{H) < T admits a continuous isomorphism onto a topological group 
K of weight < r and, therefore, \H\ = \K\ < 2^. 

Countably compact groups are pseudocompact and hence (w, a;)-moderate, 
by (c) of Proposition 18.71 It seems that there are no other restrictions on 
countably compact groups, except for the obvious one in (a) of the same 
proposition. The next example confirms this at least in part. 

Let us recall that a space X is called oj-bounded if the closure of every 
countable subset of X is compact. All w-bounded spaces are countably 
compact. 

Example 3.12. For every infinite cardinal r satisfying = t, there exists 
an ui-bounded topological Abelian group G such that fi{G) = r, d{G) = IGI = 
2^, and w{G) = 2^^. Hence G fails to be {t, 2'^)-moderate. 

Proof. Take an infinite cardinal r with = t. Clearly r > c. Let H = 2^, 
where 2 = {0,1} is the two-point discrete group and the index set I satisfies 
|I| = 2"^. Then H, endowed with the usual Tychonoff product topology, is a 
compact group of density at most r. Let 5 be a dense subset of H satisfying 
I S'I < r. By [HI Corollary 1.2], there exists a countably compact subspace 
(even a subgroup) A of H containing S such that |A| < = r. It is clear 

that X meets every non-empty G^-set in H. 

Let Hij be the P-modification of the space H, i.e. a base of the topology of 
consists of G^-sets in H. Then X is dense in H^^, so d(n^) < r. It is also 
clear that tc(n^) < r(;(n)‘^ = (2"^)^ = 2’’. As in Example 18.111 we consider 
the space Gp(n^,T) of continuous functions on H^j with values in the circle 
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group T. Since is a regular P-space, the subgroup G = Cp(ntj,T) of 
is w-bounded (see [71 Proposition 2.6]). As G is dense in we can 
apply Lemma [3H] to deduce that w{G) = = |n^| = 2^^^. 

Let us show that d{G) = |G| = 2'^. Take an arbitrary subset P of G with 
|P| < 2”^. Every element / G P is a continuous function on 11^ with values in 
T. It is clear that the topology of Ila; is the 'Ri-box topology of 2^ as defined 
in |3]. Therefore, we can apply the theorem formulated in the abstract of 
|4] (with K = Hi and a = c'*') to find a subset T/ of the index set I with 
\Jf\ < c such that / does not depend on I \Jf or, equivalently, f{x) = f{y) 
for all x,y € 11^^ satisfying x\jj: = y\jf Then the subset J = U/gd of 
satisfies |J| < \D\ • c < 2’". Take an element i G I\J and points x,y G Lt^^ 
such that Xi ^ yi and Xj = yj for each j G I distinct from i. It follows from 
our definition of J that f{x) = f{y) for all / € P. Therefore, if / G G and 
f{x) / f{y), then f ^ D. This proves that the density of G is at least 2"^. 
Further, since nw{Ilu]) < w (n.) < 2'^, it follows from [H Theorem 1.1.3] that 
nw{G) = nt(;(n(^) < tc(nt^) < 2^. Hence d{G) < nw{G) < 2'^. Combining 
the two inequalities for d(G), we conclude that d{G) = 2"^. Since d(n^) < r, 
the cardinality of Gp(n(^,T) is not greater than 2'^. As in Example 13.111 we 
deduce the equalities d{G) = |G| = 2'^. 

Finally, denote by rx the restriction mapping of Gp(n^,T) to Gp{X,T), 
where rx{f) = f\x for each / G Gp(nt^,T). Since X is dense in H^^, rx is 
a continuous monomorphism. It is clear that Gp{X, T) is a subspace of 
so '0(Cp(A,T)) < |A| < r. As rx is a continuous monomorphism, we see 
that V^(G) < V’(Gp(A,T) < T. □ 

4. Subspaces of separable Hausdorff spaces 

If X is a separable regular space, then w{X) < c by |9l Theorem 1.5.6] 
and, hence, every subspace T of A satishes the same inequality wiY) < c. 
However, there exists a separable Hausdorff space Z such that xi^o^ Z) = 2^ 
for some point zq G Z (see [E]). We see in particular that w{Z) = 2^ . 

It turns out, however, that “good” subspaces of separable Hausdorff 
spaces have a small weight. It is shown in m Lemma 3.4] that every 
compact subspace of a separable Hausdorff space has weight at most c. Fur¬ 
ther, according to m Theorem 3.9], if an almost connected pro-Lie group 
G is homeomorphic with a subspace of a separable Hausdorff space, then 
G itself is separable and has weight at most c. (A pro-Lie group G is al¬ 
most connected if it contains a compact invariant subgroup N such that the 
quotient group G/N is connected, see [ID].) In particular, every connected 
locally compact group satisfies this conclusion. 

Our aim here is to find new classes of spaces and topological groups that 
behave similarly when embedded in a separable Hausdorff space. 

Theorem 4.1. Let X be a regular Lindeldf Ti-space. If X admits a homeo¬ 
morphic embedding into a separable Hausdorff space, then w{X) < c. 
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Proof. Assume that X is a subspace of a separable Hausdorff space. Since 
X is Lindelof, it follows from [m Lemma 3.4] that nw{X) < c. Hence 
Theorem 12.11 implies that w{X) < c. □ 

The original definition of Lindelof S-spaces given in m requires only the 
Hausdorff separation property. Let us recall that definition. A Hausdorff 
space X is a Lindelof Tj- space if there exist families T and S of closed subsets 
of X with the following properties: 

(i) T is countable; 

(ii) every element of C is compact and X = |J S; 

(iii) for every C G C and every open set [/ in X with C C [7, there exists 
F £ H such that C F F C U. 

In the class of Tychonoff spaces, the above definition of Lindelof S-spaces 
and the dehnition given in Subsection 11.11 coincide. 

It is now natural to ask whether ‘regular’ can be dropped in Theorem 14. II 

Problem 4.2. Is it true that every Lindelof Ti-space X homeomorphic to a 
subspace of a separable Hausdorff space satisfies w{X) < c? 

Another instance of the phenomenon similar to Theorem 14.11 is provided 
by Lindelof P-spaces. First we present an auxiliary lemma. 

Lemma 4.3. Let f: Y ^ Z be a continuous mapping of Lindelof P-spaces. 
If Y and Y are Hausdorff, then f is closed. Therefore, if f is one-to-one 
and onto, then it is a homeomorphism. 

Proof. First we show that the mapping / is closed. It follows from |141 
Lemma 5.3] that the spaces Y and Z are zero-dimensional. Let P be a non¬ 
empty closed subset of Y and take a point 2 G /(P)- Denote by Af(z) the 
family of clopen neighborhoods of z in Z. Since Z is a zero-dimensional P- 
space, the family X( 2 ;) is closed under countable intersections and P|lSf(z) = 
{z}. It follows from our choice of z that the family {FCi f~^(V) : V G Af(2;)} 
of non-empty closed sets in Y is closed under countable intersections as well. 
Since the space Y is Lindelof, we conclude that P fl f~^{z) 0 and hence 

z G /(P). This proves that / is a closed mapping. The last assertion of the 
lemma is evident. □ 

Theorem 4.4. If a Lindelof P-space X is homeomorphic to a subspace of 
a separable Hausdorff space, then w{X) < c. 

Proof. Let T be a separable Hausdorff space containing X as a subspace. 
Denote by P a countable dense subset of Y and consider the family 

23 = {Inty U : U is open in Y}. 

Since U HD is dense in U for every open set U in Y, we see that j23j < c. It 
is easy to verify that the family 23 constitutes a base for a weaker topology 
on Y, say, a. Since the original space Y is Hausdorff, so is {Y,cr). Let 

e = {PIt : 7 P |7l < • 
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Then S is a base for a topology on Y called the P-modification of the 
topology a. Notice that |C| < < c. Since X is a P-space, the restriction 

of to X, say, ct^(X) is weaker than the original topology of X inherited 
from Y. Hence X' = {X,a^{X)) is a Lindelof P-space. It is clear that the 
space X' is Hausdorff since a C 

Let idx be the identity mapping of X onto X'. Then idx is a contin¬ 
uous bijection of Lindelof P-spaces, so Lemma 14.81 implies that idx is a 
homeomorphism. Since |C| < c, we conclude that w{X) = w{X') < c. □ 

The next problem arises in an attempt to generalize both Theorems 14.11 
and 14.41 

Problem 4.5. Is it true that every regular Lindelof subspace of a separable 
Hausdorff space has weight less than or equal to c? 

Let us note that every Lindelof subspace of a separable Hausdorff space 
has a network of cardinality < c, by m Lemma 3.4]. 

It is natural to ask whether a precompact or countably compact topolog¬ 
ical group G satishes w{G) < c or w{G) < 2'^ provided it is homeomorphic 
to a subspace of a separable Hausdorff space. We answer this question in 
the negative. This requires a simple lemma. 

Lemma 4.6. Let i: Y X be a continuous bijection of spaces. If X is 
homeomorphic to a subspace of a separable Hausdorff space, so is Y. 

Proof. Let P be a separable Hausdorff space containing X as a subspace. 
First, we can replace H with the separable space H‘^ and consider a copy of 
X embedded in the first factor Hq = H, if necessary, thus guaranteeing that 
X is embedded as a nowhere dense subspace. Let D he a countable dense 
subset of H. Since X is nowhere dense in H, the complement D\X is also 
dense in H. Hence we can additionally assume that P H X = 0. 

Clearly X = X U P is a dense subspace of H. We define a mapping / of 
L = Y L) D onto K by letting f{y) = i{y) if y £ Y and /(d) = d if d £ D 
(again we assume that Y D D = 0). Then / is a bijection. Let a be the 
coarsest topology on L satisfying the following two conditions: 

(i) the mapping /: {L,a) —>■ X is continuous; 

(ii) if U is open in Y , then U U D is open in (L, a). 

Since / is a bijection of L onto X, it follows from (i) that the space {L, a) is 
Hausdorff, while (i) and (ii) together imply that the topology of Y inherited 
from (L, a) is the original topology of Y. It is also easy to see that D is dense 
in L* = (L,(t), i.e. L* is separable. Indeed, our definition of cr implies that 
the sets of the form O = {U U D)r\ f~^{V), with U open in Y and V open in 
X, form a base for L*. Suppose that H 7 ^ 0. Since the restriction of / to X is 
the identity mapping of D, it follows that OnD = f~^(V)nD = VnD ^ 0. 
This proves that D is dense in L*. Therefore, T is a subspace of the separable 
Hausdorff space L*. □ 
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Proposition 4.7. There exists an u-bounded (hence countably compact) 
topological Abelian group G homeomorphic to a subspace of a separable Haus- 
dorjf space and satisfying d{G) = 2 '^ and w{G) = 2 ^ . 

Proof. According to Example 13.121 with r = c, there exists an w-bounded 
topological Abelian group G satisfying ifiG) = c, d{G) = 2^, and w{G) = 
2^ . It is clear that G is precompact and hence w-narrow. By [21 Propo¬ 
sition 5.2.11], we can find a continuous isomorphism f: G ^ H onto a 
topological group H with w{H) < 'if{G) = c. The group H is precom¬ 
pact and Abelian. Let K be the completion of H. Then the group K is 
compact and, by Lemma [3Tl it satisfies w{K) = w{H) < c. Applying [H 
Corollary 5.2.7(c)] we deduce that the group K is separable. Thus H is a 
subspace of a separable Hausdorff (in fact, normal) space. By Lemma 14.61 
G is homeomorphic to a subspace of a separable Hausdorff space. □ 
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